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■ Abstract 

For any even n qubits we establish four SLOCC equations and construct four SLOCC polynomials 
(not complete) of degree 2 n,/2 , which can be exploited for SLOCC classification (not complete) of any 
even n qubits. In light of the SLOCC equations, we propose several different genuine entangled states 
of even n qubits and show that they are inequivalent to the \GHZ), \W), or \l,n) (the symmetric Dicke 
states with I excitations) under SLOCC via the vanishing or not of the polynomials. The absolute values 
of the polynomials can be considered as entanglement measures. 
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1 Introduction 

A fundamental concept in quantum information theory is the understanding of entanglement. Quantum 
entanglement can be viewed as a crucial resource in quantum information. The key question is how 
to quantify and classify entanglement of quantum states. Polynomial functions in the coefficients of 
pure states which are invariant under stochastic local operations and classical communication (SLOCC) 
transformations have been studied extensively [HElEIIllEliniCZlIHIIll US [HI [HI H31 [HI [IS1 HH] and 
exploited to construct entanglement measures JT] [2] El 1121 1131 I14j . The concurrence [T] and three- 
tangle 2 , which measure entanglement of two-qubit and three-qubit states, are polynomial invariants of 
degrees 2 and 4 respectively. It is known that the concurrence and three-tangle are the absolute values 
of hyperdeterminants for two and three qubits respectively [3]. An expression has recently been derived 
for four-tangle, which is a polynomial invariant and a measure of genuine entanglement of four-qubit 
states 5]. Polynomial invariants of degrees 2, 4 and 6 for four and five qubits have been constructed 
from classical invariant theory [5] [6]. The absolute values of the polynomial invariants obtained in [5] 
may be used to construct entanglement measures of four-qubit states. Further, polynomial invariants of 
degrees 2, 4, 6, 8, 10 and 12 for four and five qubits have been obtained using local invariant operators [7J. 
Despite these efforts, few attempts have so far been made towards the generalization to higher number 
of qubits. Three-tangle has been generalized to n-tangle for even n qubits 8 and has been shown to be 
equal to the square of the polynomial invariant of degree 2 [5]. A generalization of three-tangle to odd 
n qubits has been recently proposed in [10]. In [llj . polynomial invariants of degree 2 for even n qubits 
and degree 4 for odd n qubits have been derived by induction based on the definition of SLOCC. 

SLOCC classification of pure states has been under intensive research [3"1 IT71 [T51 [T^l [2T71 |2"T1 [2^1 12^1 |2H 
1251 1261 l27l 128] . For three qubits, two genuine entanglement states, namely the \GHZ) and \ W) states, 
have been distinguished and characterized by the vanishing or not of the three-tangle [17]. For four 
or more qubits, the number of SLOCC classes is infinite. It is highly desirable to divide these infinite 
SLOCC classes into a finite number of families. Central to the issue is the criteria to determine which 
family an arbitrary state belongs to. Various methods have been undertaken to tackle the classification of 
four-qubit states, including those based on Lie group theory [18], on hyperdeterminant [3J, on inductive 
approach [19] . on string theory [20], and on polynomials (algebraic) invariants 21, 22, 23, 24, 251 [26]. 
Recently, the Majorana representation has been used for SLOCC entanglement classification of n-qubit 
symmetric states |27| . For n qubits, it is known that the \l,n) states (symmetric Dicke states with / 
excitations) are inequivalent to the \GHZ) state or the \W) state under SLOCC 28 . Therefore it is 
necessary to develop schemes to find other genuine entangled states which are inequivalent to the \GHZ), 
\W), or \l, n) states. 
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In this paper, we establish four SLOCC equations and construct four SLOCC polynomials (not 
complete) of degree 2 n ^ 2 for any even n qubits. The equations are obtained from the polynomials (deter- 
minants) of the coefficients of the two SLOCC equivalent states by induction via direct manipulation of 
SLOCC definition. For n = 4, the SLOCC polynomials of degree 2™ / ' 2 reduce to the polynomials of degree 
4 in [5]. In light of the SLOCC equations, we propose several different genuine SLOCC entanglement 
classes of even n qubits and show that they are inequivalent to the \GHZ), \W), or \l, n) (the symmetric 
Dicke states with I excitations) SLOCC classes via the vanishing or not of the polynomials. 

The manuscript is organized as follows. In Sections 2, 3, 4 and 5, we construct SLOCC polyno- 
mials and present SLOCC equations of type I, II, III, and IV, respectively. We also discuss SLOCC 
classifications by means of these polynomials. In Section 6, we draw our conclusions. 



2 SLOCC equation and polynomial of type I 

Let |t/>} and \ip') be any states of n qubits. Then we can write 

2"-l 2 n -l 

iv') = E w = E fe *i*>> 

i=0 i=0 

where Yli^g 1 \ ai \ 2 = 1 anc ^ Sfco" 1 I^P ~ x - Two states \ip) and \tp') are equivalent under SLOCC if and 
only if there exist invertible local operators Ai, A2, • ■ • ,A n such that 



\tp') = Ai ®A 2 ' 



> An 



(2.1) 



For the state \ip') of even n qubits, let 0(a, n) be the determinant of the coefficient matrix (2™ / ' 2 by 



2 n ' ) which is partitioned into blocks, ; 

0(a, n) 



01 &2 



e 



2 „/2 



(2.2) 



where the blocks ©i, i = 1, • • • , 2 n ^ 2 , are the columns of the matrix and {©f O-f • • • On } is just the 
coefficient vector {ao ai • • • a2 n -i}- 

To understand the structure of 0(a,n), we list 0(a,4) below: 



6(a,4) = 



a 


a 4 


(in 


a 12 


ai 


05 


ag 


dl3 


a 2 


(Hi 


aio 


014 


as 


(>t 


on 


ai5 



(2.3) 



which turns out to be the determinant L in [5]. 

Now, suppose that \tj)') and are equivalent under SLOCC. Then we get the following result: 



©(a, n) = 0(6, n) [det(^i) • ■ • det(A0] ' 



(2.4) 



where 0(6, n) is obtained from 0(a, n) by replacing a by b. Eq. (|2.4|) and 0(a,n) are referred to as 
SLOCC equation and polynomial of type I for even n qubits, respectively. The proof of Eq. (|2.4p for 
n — 2 can be seen as follows. Solving Eq. (|2. If) yields aoa3 — aia2 = (bobs ~ 6162) det(^li) det(^2) 
The desired result then follows by noting that (aoa3 — 0102) is the determinant 0(a, 2) of the coefficients 
of states for two qubits. For n > 4, we refer the reader to Appendix A for the proof. 

It follows from Eq. (|2.4|) that if one of 0(a, n) and 0(6, n) vanishes while the other does not, then 
the state \rp') is not equivalent to the state under SLOCC. 

We next demonstrate that 0(a, n) vanishes for the \GHZ), \W) and Dicke states for n > 2. It is 
trivial to see that 0(a,n) vanishes for the \GHZ) and \ W) states. Recall that the n-qubit symmetric 
Dicke states with I excitations, where 1 < I < (n — 1), were defined as 1291 



\l,n) =E P »l 1 i 1 2 



ljOi 



+1 



•On), 



(2.5) 



where {Pi} is the set of all the distinct permutations of the qubits. Note that |1, n) is just \ W). For Dicke 
states \l,n), it is known that \l,n) and |(n — l),n) are equivalent to each other under SLOCC. Hence we 
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only need to consider 2 < I < n/2. Inspection of the binary form of the subscripts of the entries in the 
second and third columns of 6>(a,n) reveals that those two columns are equal. Indeed, for / < n/2, we 
see that all the entries in the last column of 0(a,n) vanish. It follows that 0(a,n) vanishes for Dicke 
states as well. 

Consider the following two states 



| Xl ) = (1/V2-/2) 



\ X2 ) = (1/V2^) 



|(2 n/2 + l)m) - |2 n - 1) 

171 = 
,/2_ 1 

J2 |(2 n/2 - l)m) - |2 n - 2" /2 ) 



(2.6) 
(2.7) 



We observe that all the non-zero coefficients of \xi) he on the diagonal of 0(a,n). This leads to non- 
vanishing 0(a,n) for |xi)- Similary, all the non-zero coefficients of |x 2 ) lie on the antidiagonal of 0(a,n) 
and therefore Q(a,n) does not vanish for IX2}- in light of Eq. (|2.4|l . for n > 2, and [X2) are both 
different from the \GHZ), \W) and Dicke states under SLOCC. It can be further demonstrated that 
and IX2) are entangled, and that IX2) is equivalent to |xi) under SLOCC. We exemplify the result for 
the case of four qubits. We find that Xi> = (1/2) (| 0> + |5) + 1 10) - |15)) and it was shown in [23] that 
|Xx) is different from the \GHZ), \W), and Dicke states under SLOCC. 

Remark 2.1. In SLOCC entanglement class, the states |xi) and IX2) have the minimal number 
of product terms {i.e. 2 n ^ 2 product terms). 



3 SLOCC equation and polynomial of type II 

For the state \ip') of even n qubits, let Il(a, n) be the determinant of the coefficient matrix (2 U//2 by 2 n//2 ) 
which is partitioned into blocks, i.e. 



II(a, n) 



( Hl \ 

n 2 



V n 2 „ /2 J 



(3.1) 



where the blocks IL , i — 1 , ■ • 
coefficient vector {ao a% • • • «2fc • • • 02" 

03 • • • I2fc+1 ' • ' ffl2™-l}. 

To understand the structure of IT(a,n), we list II(a,4) below 



n(a,4) 



2 n ' 2 , are the rows of the matrix, {ill II3 • • • n 2 „/ 2 _ 1 } is just the 



}, and {II2 ri4---ri 2 „/2} is just the coefficient vector {ai 



(3.2) 



a 


a 2 


(14 


a fi 


ai 


a.3 


Or, 


a 7 


a 8 


aw 


ai2 


ai4 


ag 


an 


ai3 


ais 



which is equal to the determinant A*' in [5]. 

Now, suppose that \tj)') and \ip) are equivalent under SLOCC. Then we get the following result: 



II(o, n) = 11(6, n) [det(A) • ■ • det(^„ 



,(n-2)/2 



(3.3) 



where IT(fe, n) is obtained from II(a, n) by replacing a by b. Eq. (|3.3[) and Il(a, n) are referred to as 
SLOCC equation and polynomial of type II for even n qubits, respectively. For n — 2, Eq. (|3.3p can be 
verified by directly solving Eq. (12. 1[) . For n > 4, we refer the reader to Appendix B for the proof. 

It follows from Eq. (|3.3[) that if one of II(a, n) and 11(6, n) vanishes while the other does not, then 
the state \ip') is not equivalent to the state under SLOCC. 

Furthermore, it is trivial to see that U(a,n) vanishes for the \GHZ) and \W) states for n > 2. For 
Dicke states \l, n) (I > 2) for n > 2, II(o, n) vanishes as well owing to the fact that the second and third 
rows of II(a,n) are equal. 
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Consider the following two states 

2 n/3-l_ a 



|X 3 > = (1/V2-/2) 



|x 4 ) = (1/V2V2) 



^ (|2 n/2+1 m + 4m) + |2 n/2+1 m + 4m + 3)) + |2 n - 4) - |2 n - 1) 



m=0 
2 „/2-l_ 1 



. (3-4) 



- |2 n - 2 n 



/2+1 



^ (j2" /2+1 m - 4m + 2) + |2 n/2+1 m - 4m + 1)) + |2 n - 2 n/2+1 + 2) 

m— 1 

+ 1)1 • (3-5) 



An argument analogous to the one in section 2 shows that n(a,n) does not vanish for |x 3 ) or for |x<i)- 
In light of Eq. (|3.3p . for n > 2, the states |^ 3 ) and IX4) are both different from the \GHZ), \W), and 
Dicke states under SLOCC. It can be further demonstrated that IX3) and IX4) are entangled, and that 
IX4) is equivalent to |x 3 ) under SLOCC. We exemplify the result for the case of four qubits. We find 
that |x 3 ) = (1/2) (jO) + 1 3) + 1 12) - |15)) and it was shown in [23] that |x 3 ) is different from the \GHZ), 
\W), and Dicke states under SLOCC. 

Remark 3.1. In light of Eq. (12. 4[) . for n > 2, |x 3 ) is inequivalent to |xi) under SLOCC, since we can 
show that 0(a,n) = for |x 3 ) and 0(a,n) 7^ for |xi)- 

Remark 3.2. For |x 3 ) SLOCC entanglement class, the states |x 3 ) and IX4) have the minimal number 
of product terms (i.e. 2 U//2 product terms). 



4 SLOCC equation and polynomial of type III 

For the state \ip') of even n qubits, let F(a,n) be the determinant of the coefficient matrix ( 2 n ^ 2 by 
2 n/2 ) which is partitioned into 2" /2+1 1 by 2"/ 2 " 1 blocks, i.e. 



T(a,n) = 



( 



r 2 



F'r \ 
r' 

i 2 



V r 



2 n/2 



r' 



(4.1) 



where the blocks Vi and V\, i = 1,2, • • • , 2 n//2 , satisfy that {Ti F2 ■ • ■ F 2 „/2} is just the coefficient vector 
{do ai ■ •■ a 2 n-i_ 1 }, and {F^ T' 2 •■ • F 2 „/ 2 } is just the coefficient vector {a 2 n-i a 2 n-i +1 • ■ • a2«-i}- 
To understand the structure of F(a,n), we list T(a, 6) below: 



(4.2) 



Now, suppose that and \tp) are equivalent under SLOCC. Then we get the following result: 

2 („-2)/2 



ao 




«2 


O3 


032 


O33 


(I:i4 


035 


04 


as 


ae 


at 


036 


O37 


038 


039 


as 


ag 


aio 


011 


040 


"41 


O42 


043 


ttl2 


ai3 


aw 


1 5 


O44 


045 


046 


047 


die 


a 17 


ais 


019 


048 


049 


O50 


051 


£120 


021 


"22 


023 


052 


053 


O54 


055 


a24 


a 2 .-, 


a26 


027 


056 


057 


058 


059 


a28 


029 


O30 


O31 


O60 


061 


062 


063 



r(a,n) = r(6,n)[det(^i)---det(^„)]' 



(4.3) 



where F(6, n) is obtained from F(a, n) by replacing a by b. Eq. (|4.3|l and r(a, n) are referred to as 
SLOCC equation and polynomial of type III for even n qubits, respectively. For n = 2, Eq. (|4.3[) can be 
verified by directly solving Eq. (|2.ip . For n > 4, we refer the reader to Appendix C for the proof. 

It follows from Eq. (|4.3[) that if one of T(a, n) and r(6, n) vanishes while the other does not, then the 
state \ip') is not equivalent to the state \tjj) under SLOCC. 

Furthermore, it is trivial to see that T(o, n) vanishes for the \GHZ) and \W) states for n > 2. For 
Dicke states \l,n) (I > 2) for n > 2, T(a,n) vanishes as well owing to the fact that the second and third 
columns of F(a, n) are equal. 
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Consider the following two states 

2 „/2-l_ 1 



|X 5 > = (l/v^7a) 
|X 6 ) = (1/V^7a) 



^ |(2 n/2 " 1 + l)m)+ ^ |(2 n/2 " 1 + l)m + 3- 2 n " 2 ) - |2 n - 1) 



m = 
, 2 n/2-l 



m=0 

2 r./2-l_ a 



(,4.4) 



^ |2 n - 1 + (2 n/2 - 1 -l)m)+ ^ j2™~ 2 + (2"/ 2 - 1 - l)m) 



m— 1 
2^/2-1 



(4-5) 



An argument analogous to the one in section 2 shows that F(a,n) does not vanish for |xs) or for \xe)- 
In light of Eq. (|4.3[) . for n > 2, |x 5 ) and |x 6 ) are both different from the \GHZ), \W), and Dicke 
states under SLOCC. It can be further demonstrated that |xs) and \xq) are entangled, and that \x 6 ) 
is equivalent to | Xs) under SLOCC. We exemplify the result for the case of four qubits. We find that 
I>,4) =n(o,4) and \ Xs ) = |x 3 >- 

Remark 4.1. In light of Eqs. (12. 4p and (|3,3[1 . |x 5 ) is inequivalent to \xx) for n > 2 or |x 3 ) for 
n > 4 under SLOCC, since we can show that 0(a,n) = II(a,n) = for |xs), 0(a, n) 7^ for [Xi) and 
n(a,n)/0for | X3 ). 

Remark 4.2. For |x 5 ) SLOCC entanglement class, the states |x 5 ) and |x 6 ) have the minimal number 
of product terms (i.e. 2 n//2 product terms). 



5 SLOCC equation and polynomial of type IV 

For the state of even n qubits, let S7(o, n) be the determinant of the coefficient matrix (2 n//2 by 2 n ' 2 ) 
which is partitioned into 2 n/2+1 1 by 2 n/2 ~ 1 blocks, i.e. 



Q(a, n) = 



( 



Oi 

o 2 



04 ' 



2 n/2 



01 



2 n/2 



where the blocks S7; and fij satisfy 

■ ■ ■ ^4k+1^4k+2 ' • ' 2 „/2_ 3 f2 2 ™/ 2 -2} ~ {o0,O 2 

{^3^4577^8 • • • ^4k+3^4k+4 ■ ■ ■ 2 „/2_ 1 f2 2 „/2 } = {(21,(23 

{fi 1 f2 2 5 r26 ' ' ' ^4k+1^4k+2 • ■ • 2 „/2_ 3 f2 2 „/ 2 _ 2 } = {a 2 «- 1 , a 2"- 

{Q 3 Q 4 Q 7 Q S ■ ■ ■ n 4J . + 3f2 4fe+ 4 • • ■ f2 2 „/2_ 1 2 „/ 2 } = {a 2 n-i +1 ,a 2 

for < k < 2 n/2 " 2 - 1. 

To understand the structure of Q(a, n), we list Q(a, 6) below: 



, a 2 „-i_ 1 }, 



,a 2 »-2}, 
■ • ,a 2 i-i}, 



ao 


2 


"4 


06 


32 


034 


036 


038 


as 


aio 


ai2 


"14 


O40 


042 


O44 


a.46 


ai 


03 


as 


O7 


O33 


035 


037 


039 


ag 


On 


ai3 


0X8 


"41 


043 


045 


047 


ttl6 


ai8 


O20 


"22 


48 


050 


052 


054 


«24 


026 


028 


a 3 o 


056 


058 


060 


062 


ai 7 


019 


021 


023 


049 


051 


O53 


055 


025 


027 


02g 


031 


057 


059 


061 


063 



(5.1) 



(5.2) 
(5-3) 
(5-4) 
(5.5) 



(5.6) 



Now, suppose that \ip') and 

Q,(a,n) = Q(b,n)[det(Ai 



are equivalent under SLOCC. Then we get the following result: 

2 (n-2)/2 



■ det(_4„ 



(5.7) 



where f2(6, n) is obtained from 0(a, n) by replacing a by b. Eq. (15. 7p and Q(a, n) are referred to as 
SLOCC equation and polynomial of type IV for even n qubits, respectively. For n = 2, Eq. (|5.7|) can be 
verified by directly solving Eq. (|2.1[) . For n > 4, we refer the reader to Appendix D for the proof. 
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It follows from Eq. (|5,7[1 that if one of D.(a,n) and il(b, n) vanishes while the other does not, then 
the state \rp') is not equivalent to the state under SLOCC. 

Furthermore, it is trivial to see that Q(a, n) vanishes for the \GHZ) and \ W) states for n > 2. For 
Dicke states \l, n) (I > 2) for n > 2, fi(a, n) vanishes as well owing to the fact that the second and third 
columns of fi(a, n) are equal. 

Consider the following state 

2 n/2-3_ 1 



| X7 ) = (1/V^) 



(|2 n/2+1 m + 8m) + |2 n/2+1 m + 8m + 3 • 2 n " 2 )) 



V2— 3_ 



+ (|(2m+l)2 n/2 +87n + 2) + |(2m + l)2 n/2 + 8m + 2 + 3-2 n - 2 )) 



m=0 
2 „/2-3_ 1 



^ (i2 n/2+1 m + 8m + 5) + |2' l/2+1 m + 8m + 5 + 3 ■ 2 ,l ~ 2 )) 



+ ^ (|(2m + l)2 n/2 +8m + 7) + |(2m + l)2' l/2 + 8m + 7 + 3-2 n - 2 )) 
- (2/V2^)\2 n - 1), 



(5.8) 



for 7i > 6 and [X7) = (1/2) (|0) + |6) + |9) — 1 1 5) ) for n = 4. An argument analogous to the one in section 
2 shows that Sl(a,n) does not vanish for \xr}' In light of Eq. (|5.7[1 . f° r n > 2, |x 7 ) is different from 
the \GHZ), \W), and Dicke states under SLOCC. It can be further demonstrated that the state |x 7 ) is 
entangled. In particular, for four qubits, it was shown in [23] that |x 7 ) is different from the \GHZ), \ W) 
and Dicke states under SLOCC. We further note that |x 7 ) = Ixs) f° r th e case of six qubits. 

Remark 5.1. In light of Eqs. (|2.4|l . (|3.3p . and (|4.3p . for n > 2, \x 7 ) is inequivalent to |Xi), 1X3)1 or 
IX5) ( n 7^ 6 for Ixs)) under SLOCC, since we can show that 0(a,n) = n(a,n) = F(a,n) = for IX7)- 

Remark 5.2. For |x 7 ) SLOCC entanglement class, the state IX7) has the minimal number of product 
terms (i.e. 2 U//2 product terms). 



6 Conclusion 

In this paper, for even n qubits we have established four SLOCC equations and constructed four SLOCC 
polynomials of degree 2 n//2 . For n = 4, the SLOCC polynomials of degree 2 n//2 reduce to the polynomials 
of degree 4 in [5]. For n > 6, the four SLOCC polynomials are linearly independent. The SLOCC 
equations can be exploited for SLOCC classification of any even n qubits. In light of the SLOCC 
equations, we have proposed several different genuine SLOCC entanglement classes of even n qubits 
and showed that they are inequivalent to the \GHZ), \W), or \l,n) (the symmetric Dicke states with / 
excitations) via the vanishing or not of the polynomials. 

The concurrence and three-tangle, which measure entanglement of two-qubit and three-qubit states, 
have been known to be the absolute values of hyperdeterminants for two and three qubits respectively 
Recently, polynomial invariants have been proposed to construct entanglement monotones. The absolute 
values of the polynomial invariants obtained in [5] may be used to construct entanglement measures of 
four-qubit states. We expect that the absolute values of the polynomials in this paper can be considered 
as entanglement measures. 



Appendix A. The proof for SLOCC equation of type I 



Proof. We will prove Eq. (|2.4|l by induction principle. For the base case, letting Ai = A2 = • • ■ = A n = I 
in Eq. yields Q(a,n) = 6(6, n). 
Let \4>) = I] 2 = o 1 Ci\i) and 

\4>) = I ® ■■■ ® I ® Ar+i®--- ® A n \^j). (Al) 



G 



2 (n-2)/2 

Assume that 0(c, n) = Q(b, n) |det(*4. r +i) ■ ■ ■ det(.4 n )J , where B(c, n) is obtained from 6>(a, n) 

by replacing a by c. Next we will show that when 

=7®-.. ® 7 ® A- ® • • • ® AlV'), (A2) 



then 



6(o,n) = e(&,n)[det(A.)---det(A0] 2< " 2>/2 . (A3) 



It is easy to see that = 7 ® • • • ® I ® A r <8> 7 • • • ® 7 If we can prove that 6>(a, n) = 0(c, n) [det(.A r )] 

Ti 

then we can finish the induction. 

For readability, let Ai+i = T = \ Tl T2 J . Thus, we only need to prove that 

9(a, n) = 9(c, n) [det(r)] 2< "~ 2)/2 ( (A4) 
whenever and |0) satisfy the following equation 

\i>') =7® • • • g 7 ®r g) 7 ® •••®7|0). (A5) 



From Eq. (|A5[) . we obtain 

a 2"-ifc+ s = -ric 2 „- !fc+s +r 2 c 2 „_! fc+2 „_i_i +s , (A6) 

a 2"-'fc+2"-i-l + s = T 3 C 2 n-l k+s +T4C 2 n-l k+2 n-l-l +s , (A7) 

where 0<fc<2 ; -land0<s< 2"~ i_1 - 1. 
We distinguish two cases. 
Case 1. < / < n/2 - 1. 

Let Afej be a column of 0(a,n) with entries ffl2"- ! fc+2"/ 2 j+ 9 wnere < q < (2 n ^ 2 — 1), and let A k j 
be a column obtained from A k j by replacing each entry a v by a^^n-i-i. Then, the columns of 0(a,n) 
are (from left to right) 

•■• , Akj, Ak,j+x, ■ ■ ■ ,Alj,Al ij+1 ,--- , Ak+i,j, Ak+i,j+i, ■ ■ ■ , A k+1 j, Al+ij+i, ■ ■ • , (A8) 

where < k < 2 l - 1 and < j < 2 n/2 ~ l ~ 1 - 1. 

Note that 2 n/2 j + q < 2 n ~ l ~ 1 - 1. Substituting Eqs. (|A6)| and (|A7|) into A k ,j and A k>j yields 
At,j = TjCkj + TzG% j and A* k j — r 3 C k j + T4p k j, where C k ,j and C k>i are obtained from A k j and 
A k • by replacing a by c respectively. We see that Cfcj and C| j are columns of 0(c, n). 

To compute 0(a, n), we first let T k j be either n or T2, and let 7^*j be either r 3 or T4. Let U k j = C^j 
if 7fe,j = ri, and 77fe,j = C k j otherwise. Further, let U k j = C k ,j if 7j? 3 - = T3, and f/jj ^ = CJ^- otherwise. 

Due to the multilinear property of determinant, 6>(a,n) is the sum of 2 2 determinants, each of which 
consists of columns (from left to right): 

•■• ,TkjUk,j,Tk,j+iU k ,j+i,- ■ ■ ,T k *jU k j,T k *j + iU k j +1 ,--- ,T k +ijU k+ ij,T k +ij+i U k+ i, J+ i, 

■■' >7~ k +ijU k+ ij,T k+1 j +1 U k+1 j +1 , ■ ■ ■ , 

where < k < 2 l - 1 and < j < 2 n/2 -'- 1 - 1. 
Denote t the product 

• • • 7fc,j7fe,j+i • • • 7fe*j7fe*j+i • ■ • 7fc+i,j7fc+i,j+i • ■ • 7fe*+i,j7fc*+i,i+i • • • • 

on/2 

Clearly, each of the 2 determinants can be written in the form t ■ A. Associated with each t is a 
determinant A which consists of columns (from left to right): 

••■ , Uk,j, Uk,j+i, ■ ■ ■ , U k j, Uk : j+i, ■ ■ ■ , Uk+i,j, Uk+i,j+i, ■ ■ ■ , Uk+ij, Uk+i : j+i, ■ ■ ■ , 

where < k < 2 l - 1 and < j < 2 nl2 - 1 - 1 - 1. 
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We illustrate with an example. Let t = • • ■ t\t\ ■ ■ ■ T4T4 ■ • ■ t\T\ ■ ■ ■ T4T4 ■ • ■ , whose power form is 

(tit 4 ) 2< "~ 2>/2 , then A = 9(c,n). 

For Eq. (|A4I) to hold, we need the following 3 results. 

Result 1. Given t such that for some k, j, Tk,j = Ti and T k *j = T3, or Tk,j = i~2 and T k *j = T4, then 
A vanishes. 

Proof. If Tk.j = Ti and 75" j = T3, then by definition Ukj = f7£ j = Ck,j- We immediately see that 
A vanishes since A has two equal columns. Likewise, if Tk,j = r 2 and 7*.% = T4, then by definition 
Ukj = f^fe.j = Cfc j and therefore A vanishes. 

ResuJt 2. Given t such that for < k < 2 l - 1 and < j < 2 n/2 ' 1 ' 1 - 1, %,j = t\ and T£ d = r 4 , or 
Tk,j = t"2 and 7s*j = T3 with m occurrences for each of T2 and T3, then A = (— l) m O(c, n). 

Proof. If 7fc,j = n and 7^% = T4 for some fc, j, then by definition Uk,j ~ Ck,j and U% j — C% These 
two columns of A are already in order and nothing needs to be done here. If Tkj = i"2 and T k *j = T3, 
then by definition U k j = C% a and [/^ a = C k j. To obtain 6(c, n) from A, we need to interchange these 
two columns. It turns out that 0(c, n) can be obtained from A by interchanging two coulmns for m 
times, i.e. A = (-l) m 9(c,n). 

Result 3. The number of t such that its power form is (tiT4) 1 (t2T3) 2< )f ~ l is given by 

Proof. With the help of Result 1, we only need to consider those t in which 7k,j = T i an d 7^ = T4, 
or 7fc,j = T2 and T k *j = Tz. In fact, we only need to count the number of occurrences of ri and T2 in 
7fe,o • • ■ 7fe,j • ■ ■ % 2 „/2-i-i_ 1; where < fc < 2* - 1 and < j < 2 n/2 ~ l ~ 1 - 1. It is readily seen that there 

are ( . j such cases, each of which contains i occurrences of t\ and (2' n_2 - )/ ' 2 — i) occurrences 

Of T2. 

It follows immediately from Result 2 and Result 3 that the sum of the 2 determinants is given 

by e(c,n)[det(r)] 2< " ^'^ . Therefore Eq. (52) holds. 
Case 2. n/2 < I < (n- 1). 

Results analogous to Result 1, Result 2 and Result 3 can be derived by replacing "column" by "row". 
Combining the above two cases, Eq. (|A4|) holds, and the proof is complete. 




Appendix B. The proof for SLOCC equation of type II 

Proof. By induction principle and the argument in Appendix A, we only need to prove that II(a,n) = 

n(c,n)[det(r)] 2< " 2> " when and \<f>) satisfy Eq. (gHJ. 
We distinguish three cases. 
Case 1. < I < n/2 - 2. 

The proof is analogous to that in case 2 in Appendix A by investigating the rows of II(a,n). 
Case 2. n/2-l<l<n-2. 

The proof is analogous to that in case 1 in Appendix A by investigating the columns of II(a, n). 
Case 3. I = n — 1. 

In this case, Eqs. (|A6|I and (IA7|I become 

a 2 k = TlC&fc + T2C2k+l, (Bl) 
d2k+l = T302fc +T402fc+1, (B2) 

where < k < 2 n_1 — 1. The (2r)th row of IT(a, ri) is given by (a 2 „/2 2r , a 2 „/ 22r+2 , ■ • ■ , " 2 ™/ 2 (2r+2)-2) 1 
and the (2r + l)th row of U(a,n) can be obtained from the (2r)th row by replacing each entry a v by 
a^+i. The rest of the proof is analogous to that in case 2 in Appendix B. 



Appendix C. The proof for SLOCC equation of type III 

Proof. By induction principle and the argument in Appendix A, we only need to prove that F(a, n) = 

r(c,n)[det(r)] 2< " 2>/2 when \ip') and \4>) satisfy Eq. (|A"5)) . 
We distinguish three cases. 
Case 1. 1 = 0. 
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The proof is analogous to that in case 1 in Appendix A by investigating the columns of T(a, n). 
Case 2. 1<1< n/2. 

The proof is analogous to that in case 2 in Appendix A by investigating the rows of F(a,n). 
Case 3. n/2 + 1 < I < n - 1. 

The proof is analogous to that in case 1 in Appendix A by investigating the columns of T(a, n). 

Appendix D. The proof for SLOCC equation of type IV 

Proof. By induction principle and the argument in Appendix A, we only need to prove that Q(a, n) = 

2 (ti-2) /2 

Q(c, n)[det(r)] when \ip') and \cj>) satisfy Eq. (|A5|I . 

We distinguish four cases. 
Case 1. 1 = 0. 

The proof is analogous to that in case 1 in Appendix A by investigating the columns of £l(a,n). 
Case 2. 1 < I < n/2 - 1. 

The proof is analogous to that in case 2 in Appendix A by investigating the rows of Q(a,n). 
Case 3. n/2 < I < n - 2. 

The proof is analogous to that in case 1 in Appendix A by investigating the columns of f2(a, n). 

Case 4. I = n — 1. 

In this case, Eqs. CM) and <EI1> 

become Eqs. (|B1|) and (|B2p . Consider the (4fc+ l)th, the (4fc + 2)f/i, 
the (4k + 3)th, and the (4k + 4)th (0 < k < 2" /2 ~ 2 - 1) rows of tt(a,n), respectively. The rest of the 
proof is analogous to that in case 2 in Appendix A. 
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